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Abstract

Loss functions and Risk functions are two very important aspects in Bayesian estimation. In this paper the Bayesian estimation
for the loss and risk functions of the unknown parameter 0 of exponential distribution has been studied under Rukhin’s loss
function for Type Il censoring. The inverse Gamma distribution has been assumed as the prior distribution for the unknown
parameter 0. On the part of loss functions, the Squared Error Loss Function (SELF) and three different forms of Weighted
Squared Error Loss Function (WSELF) namely, the Degroot’s Loss Function, Minimum Expected Loss (MELO) Function and
Exponentially Weighted Minimum Expected Loss (EWMELO) Function have been considered.
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1. Introduction

A continuous random variable X is said to have Exponential distribution, if its probability density function is given by,

e_% .
f(x,0) = T,lfx >0,06>0 (1.1)

0, Otherwise.
This distribution is one of the most important distributions having it application specially in life testing. In this case,
EX)=06 (12

For specified mission time’ t’, the reliability of the distribution, denoted by R(t, 0), is given by
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_t
R(t,0) =PX=t)=e"0 (1.3)

The failure rate for this distribution, denoted by

_ f(t8) _ 1
h(t) = Reo) o a constant.

Due to constant failure rate this distribution is most suitable for items which are free from the effect of so called ‘Ageing’,

specially electrical and electronic items.

2. Basic Concepts

Rukhin [1] proposed a loss function which is given by

L©,5y) =w®, 8y z+y:  (21)

Where vy is an estimator of the loss function w(8, 6) which is non-negative.

—“ff'y) = 0 gives y = w(6,8)
. 0%L(8,8,y) . .. .
Since a2 > 0aty = w(8,6) .So L(8, §,y) is minimum iny wheny = w(8, 5).

Let X = (X4,X;, ... X,) be a random sample of size n, then the Bayes risk is

E(L(6,8,y)/X} = E{w(®,8)/X}y 2 +y2

FLEOLE = 0 gives y = E(w(®, 8)/X).

So, if 8§5(X) is the Bayes estimator of 6 or a function of 6 under the loss function w(6,8) yg(X) be the Bayes estimator of 6

corresponding to L(6, §,y).Thus,
ve(X) = E{w(6,65)/X} (2.2)
A generalized form denoted by L(¢(6), 8,y) for estimating a function ¢(0),is given by,
11
L($(6),8,v) = w($(0),8)y z+vz (23)
Where, v is an estimator of the loss function w(¢(0), 6).

The Bayes estimator of ¢(8) corresponding to L(¢(8), 8, y),denoted by v (X) is given by,
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Yo(X) = E(w($(0), d5)/X}  (2.4)
Where, ¢g(X) is the Bayes estimator of ¢(0) under the loss function w($(0), §)

Let X;, X3, X5,... X, be a random sample of size n and X(;) < X(3) < X3y <...< X(n-1) < Xy be the order statistic
corresponding to this random sample. In case of type- 1l censoring, n items are placed on test and the test is terminated after
first ‘r’ (r pre-specified) failures. Thus, only r ordered observed values of X(;) < X2y < X3y <... < X(p_1) < X are

recorded. For observed values x(1y < X(3) < X(3) <...< Xr—1) < Xr,the likelihood function, denoted by L(6) ,is given by,

L(6) = k0T ™o (2.5)
Where, k is function of n, r and x;y i=1,2...r and does not contain 6.

t. =Y xg + (M —Dxq) (2.6)
t, is an observed value of the statistic T, given by,

T, = Xie1 X + (=X (2.7)

Epstein and Sobel [2] have proved that % is M.L. E as well as UMVUE for 0.This estimator also attains the Cramér-Rao Lower

bound. Bhattacharya [3] derived the estimate of 6 and R(t, 8) in Bayesian framework under the assumption of Squared Error
Loss Function (SELF) and three different prior distributions for 8. Guobing Fan [4] has derived the Bayes estimator of the loss
and risk function of Maxwell’s distribution using inverse Gamma distribution as the prior distribution for 6 and squared error

loss function under the criterion of loss function proposed by Rukhin [1].

In this paper Bayesian estimation of 6 and R(t, ©)has been considered under the assumption of inverse Gamma distribution as

the prior distribution for the unknown parameter 6 and Type Il censoring.

On the part of loss function, we have considered the four forms of w(0, §) and compare their performance. The forms to be
considered are as follows:

1. Squared Error Loss Function (SELF): In this case,

w(8,8) = (0—05)% (2.8)

This loss function is symmetric but unbounded. It suffers from the drawback of giving the same weight to overestimation as

well as to underestimation.

2. w(6,8) =8%0-08)?% (2.9)
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This loss function, introduced by DeGroot [5], is asymmetric. It gives more weight to underestimation than to overestimation.

3. Minimum Expected Loss (MELO) Function: In this case,

w(,8) = 072(8 — §)2 (2.10)

This loss function is asymmetric and bounded. This loss function was used by Tummala and Sathe [6] for estimating reliability

of certain life time distributions and by Zellner [7] for estimating functions of parameters in econometric models.

4. Exponentially Weighted Minimum Expected Loss (EWMELO) Function

w(8,8) = 0722077 (9 — §)2 (2.11)

This loss function is also asymmetric and bounded. This type of loss function was used by the author [8] for the first time in
his work for D.Phil. SELF, MELO and EWMELO were used by Singh, the author, [9] in the study of reliability of a
multicomponent system and in Bayesian Estimation of the mean and distribution function of Maxwell’s distribution. Recently
[10], the author again used these loss functions in Bayesian estimation of function of the unknown parameter 6 for the Modified
Power Series Distribution (MPSD) and for estimating Loss and Risk Functions of a continuous distribution. Details of other

works done by the author are given in [11] to [16] in the references.

3. Bayesian Estimation of Loss and Risk Function

In this section, the estimation of the loss function has been performed for the probability density function specified by (1) under
various forms of w(6, §), given by (2.8), (2.9), (2,10) and (2.11) respectively. Results are given in the following:

Theoreml. Let X = (Xy, X, ... X,) be a random sample of size n andX ;) < X3y < X3y <...< X(n-1) < X(n) be the order
statistic corresponding to this random sample from the exponential distribution, specified by the probability density function
given by (1). Under the assumption of inverse Gamma distribution as the prior distribution for 8,Bayes estimators of 6
corresponding to various loss functions given as above and Bayes estimators of w(8, 6) based on Rukhin’s loss function given
by (2.1) are as follows:

(@) When w(8,8) = (6 — 8)?,

_ B+Ty

O = ot (3.1
_ (B+Tr)?
YB(X) T (r+a-2)(r+a-1)2 32)
ro2+(re+p)?
Eo{ys(X)} = tranera: 33
The risk function of 85 is,
a r02+{(1-a)0+p}>
R(S, GB) = W (34)
(b) When w(6,8) = 8-2(0 — 8)?
A _ BTy
Op = r+a—2 (35)
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) = o (36)
Eo(vp(X)} = 7o (3.7)
R(6,8p) =1+ % —20(r + a = 2)Eq (57-) (38)
(c) When w(8,8) = 872(8 — §)2
By =Lr (3.9)
w(X) = trrm (3.10)
Eolvm(X)} = o (3.12)
R(6,8y) = W (3.12)

(d)When w(8, 8) = 6727207 (8 — §)2,a > 0

B, = B+T+a (3.13)

r+a+1

ve(X) = —— (e (314

(r+a+1) “B+Tr+a

r+o
Eo{vs(X)} = (r+01(+1) E{(Bf;ia) } (3.15)

-0~ i (B 1 +a0" 1—a—1)}
(r+a+1)2

R(8,8g) == (3.16)

Proof: Let the prior probability density function of 6, which is inverse gamma distribution, be given by,

B(Xe—(o(+1)e_g

(0) = T,ife >0,0,>0 (3.17)
0, Otherwise.
Where o, > 0 are known.
Let t, be an observed value of the statistic T, .Then, the posterior probability density function of 6 is given by,

_(B+tr)
(B+tr)a+re—(a+r+1)e 0

n®/t) = T(a+r) if8>0,0,>0 (3.18)
0, Otherwise.

(a) When w(6, 8) = (6 — 8)? ,the Bayes estimator of 8,denoted by 85 is the mean of the posterior distribution and is given by,

N — _ B+Tr
O =E(6/T)=——
ve(X) = E{w(6,85)/X} = E{(6 — 8p)*/T;} =
_ (B +T.)?
Var(9 /1) = r+a—2)r+a—1)>2
E{(B+Tr)?} _  ro%+(r8+p)>

Ee{va(X)} = (rta—2)(r+a-1)2  (r+a—2)(r+a—1)2

B+Ty )2 } — 0%{r+(a-1)2}+2B(1-a)0+B% _ ro%+{(1-a)0+B}?

(r+a—1)2 (r+a—1)2

R(6,05) = Eo{ w(0,05)} = Eo {0 -

r+o—1



www.yumedtext.com | June-2023 |

(b) When w(8, 8) = §72(8 — 8)?,the Bayes estimator of 8,denoted by 8y, is given by,
_E@®*/T)  B+T,

O = EO/T) r+a-—2
A A A 1
_ — -2/ _ 2 —
Yp(X) = E{w(8,8p)/X} = E{Bp°(6 — 8p)*/T:} TTa—1
. 1 . 1
Since, —— is a constant, Eo{yp(X)} = =
R(8,8p) = Eo{ w(8,8p)} = Eo{Bp2(6 — 8p)? }
~ 02{re? + (ro + B)?%}
R(6,0p) =1+ ETTEOEE 20(r+ o — 2)139(B = Tr)
(c) When w(8, 8) = 872(8 — 8)? ,the Bayes estimator of 8,denoted by 8y, is given by,
5 _E@'/T)  B+T
MTE®G2/T,) r+a+1
— A — -2(0 —B..)2 —
yu(X) = E{w(6,80)/X} = E(07*(0 — 0m)*/ T} = ————
. 1 . 1
Since, o sa constant, Ee{yM(X)} = et D
A A _ B+T;
R(6,B) = Eof w(6,00)} = Eo {072(6 — 212 }

_r+(BOt-a-1)2
T (r+a+1)?

(d)When w(6, 8) = 8726727 (8 — §)2, a > 0, the Bayes estimator of 8,denoted by 8y, is given by,

E07e™® /T,) B+T +a

8, = =
ETE@ 2 /T,) r+a+l

B+T, )”“}

~ 1 ~ 1
vs(X) = B(w(®,86)/%) = B0 2" (0~ 80)*/T) = g Bol(5 o

Tr r+a
SO, EB{YE (X)} = (I'+01(+1) Ee {(Bf;r+a) }

r+a S+a
Since, 0 < (&) <1,0< Eg {(&) } < 1.Therefore,

Eo{ve(X)} < = Eo{ym(X)}

1
r+a+1)
we have, Eg{ym(X)} < Ee{yp(X)}
Therefore, Eg{yg(X)} < Ee{ym(X)} < Eofyp(X)}

R(e, GE) = Ee{ W(G, @E)} = Eq {e—ze—ae—l(e _ B+Tr+a)2 }

r+a+1

1
"(r+a+1l)  (r+a-1)

Since

_ e 3 i (Bo 14207 1—a-1)%)
- (r+a+1)2

Theorem2. Let X = (Xy,X,, ... X,) be a random sample of size n andX ;) < X3y < X3y <...< X(n-1) < X(n) be the order
statistic corresponding to this random sample from the exponential distribution, specified by the probability density function

given by (1).Under the assumption of inverse Gamma distribution as the prior distribution for 6,Bayes estimators of ¢(0) =
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t
e 8 corresponding to various loss functions given as above and Bayes estimators of w(¢$(8), 8) based on loss functions as

follows:
(a) When w($(8),8) = (¢(6) — §)*
Pp(6) = ()@ (3.19)

B+tr+t
Yon(X) = (o) (@0 — (FEEy2(e+n (320)
(b) When w(d(6),8) = 872(¢(6) — 8)°
Fp(0) = (T (321)
(B+tr)2(a+r)

Y¢D(§) = 1 - (B+tr+t)2(u+r) (322)

(c) When w((8), 8) = 872(d(8) — 5)>
Bu(0) = Erry@irs2) (33

B+tr+t
Yom(X) = GO Lo GH0TTEY (324)
(d) When w((6),8) = 8727297 (¢(0) — 5)2
$e(0) = (ﬁ)(“”*” (3.25)
You(X) = DI 1 (e TR (3.26)

Proof: The proof is similar to that in Theorem 1.
Remark: For r =n, we get results for the complete sample.

Definition: Let vy, (X) andy, (X) be the two estimators based on Rukhin’s loss function corresponding to two different forms

of w(®,8).y,(X) is said to be dominate y,(X) if Eg{y1(X)} < Eo{y.(X)}

Since, Eo{ye(X)} < Eo{ym(X)} < Ee{yvp(X)}, v£(X) dominates yy(X) while, v, (X) dominates yp(X) Since, Eg{ys(X)} =

ro2+(re+p)>?
(r+a-2)(r+a—-1)2 ~ (r+

L provided 6 = 1
a+1)

Thus, Eg{ve(X)} < Eofym(X)} < Ee{yp(X)} for all «, B ,and 6 and Ee{ym(X)} < Ee{yp(X) for all B and 6 >

1.Hence, yg(X) is most dominant among yg(X), ym(X), vp(X) and yg(X)
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4.

Conclusion

In this paper Bayesian estimation of loss and risk functions for the unknown parameter 6 of exponential distribution has been

considered under Rukhin’s loss function for three different forms of w(0, §) . The superiority of estimates has also been studied

and it has been proved that when w(8, §) = e—ze—ae‘l(e — 8)%,a > 0 ,the corresponding estimate is most dominant.
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